The determination of V cb relies on the Heavy-Quark Expansion and the extraction of the non-perturbative matrix elements from inclusive b → c decays. The proliferation of these matrix elements complicates their extraction at 1/m 4 b and higher, thereby limiting the V cb extraction. Reparametrization invariance links different operators in the Heavy-Quark expansion thus reducing the number of independent operators at 1/m 4 b to eight for the total rate. We show that this reduction also holds for spectral moments as long as they are defined by reparametrization invariant weight-functions. This is valid in particular for the leptonic invariant mass spectrum (q 2 ), i.e. the differential rate and its moments. Currently, V cb is determined by fitting the energy and hadronic mass moments, which do not manifest this parameter reduction and depend on the full set of 13 matrix elements up to 1/m 4 b . In light of this, we propose an experimental analysis of the q 2 moments to open the possibility of a model-independent V cb extraction from semileptonic decays including the 1/m 4 b terms in a fully data-driven way.
Introduction
The Heavy Quark Expansion (HQE) has become a standard tool in the theoretical description of inclusive decays of heavy hadrons, allowing the derivation of precise predictions including reliable estimates of the uncertainties, see e.g. [1] . The HQE for a bottom-hadron decay expresses observables as a combined series in α s (m b ) and Λ QCD /m b , where the hadronic inputs are forward matrix elements of local operators.
One of the master application of the HQE is the determination of V cb from inclusive semileptonic b → c transitions, see e.g. [2] for a recent review. The extraction of V cb relies on the precise calculation of the total rate as well as of spectral moments, i.e. moments of the charged lepton energy, the hadronic mass and the hadronic energy spectra. Current predictions of these observables within the HQE in (α s (m b )) l (Λ QCD /m b ) k involve terms of order (k = 0, l = 0, 1, 2) [3] [4] [5] , (k = 2, l = 0, 1) [6] [7] [8] and (k = 3, 4, 5, l = 0), while k = 1 vanishes for all l. Using the experimental data on the total rate and on the energy and hadronic mass moments [9] [10] [11] [12] [13] [14] [15] to obtain the hadronic parameters allows the extraction of |V cb | with a relative precision of about 2% [16, 17] . This error includes an additional 1.4% theoretical uncertainty due to the missing higher-order corrections in the expression for the width [16, 18, 19] .
With this current strategy, a model independent, meaning a fully data-driven determination of V cb , including the extraction of the HQE parameters from the data, is possible only up to 1/m 3 b ; up to this order there are only four independent hadronic parameters. Starting at order 1/m 4 b , their proliferation complicates the extraction from data. Therefore, one has to resort to modelling the higher-order terms in order to at least get a quantitative picture of their possible size. Such a model approach was suggested in [20, 21] , where the Lowest State Saturation Ansatz (LSSA) was used to estimate the effect of the orders 1/m 4 b and higher. This study indicates that such higher-order terms are likely negligible at the current level of precision. This was confirmed by a global fit [22] , where the LSSA was used to provide loose constraints on the higher-order matrix elements. A sub-percent reduction in V cb was found. However, these statements depend to a large extend on the LSSA, which is an ad hoc ansatz, and thus it is desirable to validate the smallness of the 1/m 4 b terms by a model-independent approach. In this paper we propose an alternative method for a V cb extraction which still makes use of the HQE, but in a slightly different set-up. It is known that reparametrization invariance (RPI), a symmetry within the HQE reflecting Lorentz invariance of the underlying QCD [23] [24] [25] , induces relations between the coefficients of HQE parameters [26] [27] [28] [29] [30] . Recently, two of us discussed that these relations lead to a reduction of independent parameters for specific observables, in particular for the total rates [31] . Phrased differently, these observables depend only on specific linear combinations of the most general set of HQE parameters. This reduced set of parameters involves only three elements up to 1/m 3 b (including the chromomagnetic parameter, which can be extracted from spectroscopy as well) and only five additional inputs once 1/m 4 b are terms are included. For the alternative V cb determination, the observable we propose is the leptonic invariant mass (q 2 ) spectrum and, more specifically, the moments of this spectrum. In the next section we give a short reprise of the findings in [31] and we examine the consequences for observables other than total rates in section 3. In section 4, we use this reasoning to compute the q 2 spectrum and its moments. Finally, in section 5 we discuss the alternative extraction, in particular the possibility to push the V cb extraction to order 1/m 4 b without making use of models for the HQE parameters, i.e. to have a fully data-driven analysis up to this order.
Reparametrization Invariance of the HQE
The HQE for semileptonic b → c decays is set up starting from the time-ordered product of two weak currents
. In order to set up an 1/m b expansion we re-define the b quark field operators as
where here and in the following we have suppressed the indices for simplicity, and we define
The next step is to perform an Operator Product Expansion (OPE) for the time-ordered product:
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where the symbol ⊗ is a shorthand notation for the proper contraction of the spinor indices of the coefficient C with the ones of the quark fields. These C coefficients depend on 1/m n+3 b , assuming R(S) to be dimensionless. Taking the forward matrix element
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we obtain the hadronic correlator T = R(S) .
(2.6)
Via the optical theorem, T yields the hadronic tensor for the inclusive transition B → X c ν :
The key observation is that both (2.3) as well as its OPE (2.4), are independent of v, as long as all orders in the OPE are taken into account. This means that both are invariant under the reparametrization (RP) transformation δ RP that shifts v µ −→ v µ + δv µ . In fact, the transformation rules
show that reparametrization invariance (RPI), which dictates also that δ RP R(S) = 0, connects subsequent orders in the 1/m b series of Eq. (2.4). This generates the well known relations between the coefficients C at order n and n + 1 [31] :
In turn, the hadronic matrix elements b v (iD µ 1 · · · iD µn )b v can be expressed in terms of scalar matrix elements, such as the kinetic energy parameter µ 2 π and the chromomagnetic parameter µ 2 G at n = 2. However the number of independent parameters grows factorially in the 1/m b expansion (at tree level there are nine and 18 at order 1/m 4 b and 1/m 5 b , respectively [21, 33] ) and therefore their extraction from data becomes challenging already at order 1/m 4 b . Due to RPI, as discussed in [31] , the total rate depends only on a restricted set of parameters, which are given by fixed linear combination of the matrix elements defined for the general case. To this end, up to order 1/m 4 b there are only eight independent parameters at tree level, defined by [31] :
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Here we have redefined ρ 3 D to include its RPI completion as discussed in Ref. [31] (see Eq. (A.8)). In the following we discuss under which conditions observables other than the total rate can be expressed in terms of this reduced set of parameters.
Generalized Moments
To obtain the semileptonic decay rate we have to multiply the hadronic tensor W (p, q) by the leptonic tensor L(k, k ) which depends on the charged lepton momentum k and the neutrino momentum k . The observables we will consider are generalized moments, which are defined as
where dk, dk denote the usual phase space elements and w(v, q) is a (smooth) weight function of the kinematic variables k, k and the vector v. As an example, w = (v · k) n yields the (unnormalized) n th charged lepton energy moment, once the velocity vector v is identified with the velocity of the decaying B meson. In analogy to R(S), we assume that the operator M has an OPE according to
Applying now the RP transformation to (3.2) , gives a similar relation as for the total rate, except that the left-hand side of (3.2) becomes:
We observe that for reparametrization-invariant weight-functions
(which is the case if w does not depend on v), we obtain for the coefficients a (n) the exact same relation (2.11) as for the total rate. Therefor, for reparametrization-invariant observables we will have the same reduction of HQE parameters as for the total rates. For the semileptonic decays considered here, the leptonic invariant mass (q 2 ) spectrum has this property, since the corresponding weight function,
Before discussing the q 2 spectrum in more detail, we consider weight functions which are not reparametrization invariant. In such cases we obtain the relation:
from which we get a relation for the a (n) of the form
with the "inhomogeneous" term
This term eventually requires the introduction of the complete set of HQE parameters, at least in the general case. It remains to be seen, if one can reduce the parameter set even for weight functions that are not reparametrization invariant.
The q 2 Spectrum and its Moments
The differential q 2 spectrum and the q 2 moments are most easily obtained by first integrating the triple differential decay rate over the lepton energy E . The double differential decay rate can then be expressed in terms of the scalar functions W i as
The normalized variables are defined aŝ .7):
where the optical theorem relates W i = −ImT i /π. At tree-level, the required T i are most conveniently derived following [21, 33, 34] by introducing a background field propagator
that must be evaluated including the necessary Dirac matrices for the hadronic current. The expression up to order 1/m n b is obtained by expanding this propagator according to
up to the desired order in the residual momentum (i / D). Forward matrix elements containing strings of covariant derivatives must be expressed in terms of scalar matrix elements. To this end, thanks to the equations of motion, dedicated trace formulas can be derived to project matrix elements of the formb v (iD µ 1 . . . iD µn Γ)b v onto the complete set of HQE operators, i.e. the RPI parameters in (2.12) as well as the redundant ones in (A.6). The required T i are eventually obtained in terms of the full set of operators and inverse powers of the propagator ∆ 0 :
The imaginary part can be obtained from the T i using the relation Finally, the integration over s gives the differential rate in terms of δ (n) (ẑ) wherê
We proved that indeed, the differential q 2 spectrum only depends on the reduced set of matrix elements in Eq. (2.12). The same reduction holds also for the (normalized)q 2 moments defined as
We have verified this explicitly by calculating the moments up to n = 4. Their lengthy expressions are attached to the arXiv version of this paper. However, we can present them in a compact form by taking the limit m c → 0, i.e. keeping only the non-vanishing terms in the ρ → 0 limit: 
An Alternative Method to Determine V cb
As discussed, the q 2 moments are Lorentz invariant and RPI and therefore up to 1/m 4 b , they only depend on the reduced set of eight parameters given in Eq. (2.12). Currently, V cb is extracted from inclusive decays by fitting the HQE matrix elements to the experimental data of the electron energy and hadronic invariant mass moments. However, these quantities are not RPI, and therefore depend on the full set of matrix elements.
Moreover, from the experimental side momentum cuts need to be implemented, since the full phase space cannot be covered. To this end, one may either extrapolate using the theoretical expression for the differential rate, or one needs to take into account the cut in the theoretical prediction. Specifically, the analysis of the charged lepton energy and hadronic invariant mass require a cut on the charged lepton energy. The moments including such a cut are defined as
with x = E , for the electron energy moments, and x = M X for the hadronic invariant mass moments.
The fit performed in [16, 17, 32] makes use of these moments, including the energy cut. In fact, the moments up to n = 4 and their computable cut-dependence allow for a fully data-driven analysis up to 1/m 3 b , which means that V cb , the quark masses as well as the HQE parameters µ 2 π , µ 2 G , ρ 3 D and ρ 3 LS can be fitted from data. Accessing higher order in the 1/m b expansion requires to model the HQE parameters starting at 1/m 4 b ; this has been investigated in [22] using the LSSA proposed in [20, 21] .
We therefore propose to determine V cb from the moments in q 2 . As these moments only depend on the reduced number of independent HQE parameters, this would allow for a fully data-driven extraction of V cb up to 1/m 4 b . However, the q 2 moments as defined in (5.1), i.e. inserting x = q 2 , will depend on the complete set of parameters, since the electron energy v · k is not an RPI quantity. This can be solved either by removing the cut by extrapolating the data to the full phase space, or by implementing a cut in an RPI quantity, such as q 2 .
Employing a q 2 cut
In the following, we further discuss the implementation and concequences of a cut in q 2 . We define the moments as follows:
where the Q n (q 2 cut ) are defined as in Eq. (4.9), but withq 2 cut as lower limit of integration instead ofq 2 = 0. We also define the fraction R * :
The explicit expressions of Q n (q 2 cut ), with n = 0, . . . , 4 are also given as an ancillary file. Similar as for the charged lepton energy moments and hadronic invariant mass moments, central moments are less correlated, therefore we define To further study the effect of the q 2 cut, we show in Fig. 1 the allowed phase space for a B → X c ν decay in the E -E ν plane with q 2 cut = 3.6 GeV 2 and q 2 cut = 8.4 GeV 2 . The phase space is limited from below by 7) and all events with q 2 > q 2 cut lie above this curve. This illustrates that the cut on q 2 removes all the events with low lepton energy E , therefore a cut on q 2 can replace a cut on E . In addition,
determines the upper limit of the phase space in Fig. 1 . Increasing the value of q 2 cut makes the inclusive B → X c ν measurement less and less inclusive, as is illustrated by the dot-dashed and dashed lines, which show where the B → Dπ ν and B → DKK ν modes populate the plot, respectively. Hence the situation is similar to a cut in the lepton energy.
Rewriting the phase space equations, we find
where λ(m 2 B , q 2 cut , m 2 D ) is the Källén function. Therefore, if q 2 cut is chosen to be larger than the critical value
then the q 2 -moments do not depend E cut since the lepton energy always respects E cut ≤ E via the constraint (5.9). A typical E cut = 0.4 GeV, would then correspond to q 2 cut = 3.6 GeV 2 .
Extracting V cb
We propose to extract V cb based on the reduced set of HQE parameters, using measurements of the total rate and the q 2 moments, including a cut on q 2 . This strategy is identical to the approach in Ref. [22] , however with theoretical expressions depending on fewer parameters (even for a fit including terms up to 1/m 3 b only). Since there are only five additional parameters at order 1/m 4 b , precise input from the q 2 spectrum would allow us to perform a fully data driven analysis, i.e. an extraction of the HQE parameters at 1/m 4 b entirely from data. To this end, the expressions for the q 2 moments can be inverted to extract the HQE parameters. Therefore, it is important that the (q 2 ) n moments depend in a different way on the HQE parameters for different values of n. To show explicitly that the first four moments are linearly independent, we give the centralized moments in Eq. (5.4) for q 2 cut = 0 GeV: These expressions are obtained from Eq. (5.2) by re-expanding the ratio in 1/m b up to 1/m 4 b . We observe that the higher moments are more sensitive to the higher order terms, as is also the case for the energy and hadronic mass moments.
Finally, as discussed, V cb could also be determined by making use of the q 2 cut dependence of the moments. In Fig. 2 , we show the ratio R * and the centralized moments q 1,2,3,4 as a function of q 2 cut . We present their prediction up to 1/m 4 b together with the different contributions given by µ 3 , µ 2 G ,ρ 3 D and the sum of the five operators of order 1/m 4 b . Also in this case, they are evaluated by re-expanding (5.2) and (5.3) up to 1/m 4 b . The size of the various 1/m b terms is then obtained by selecting only the relative term in the expansion, multiplied by the residual m 2n b /µ 3 ≈ m 2n b , as in Eq. (5.11) . Note that after the re-expansion there are terms proportional to (µ 2 G ) 2 /m 4 b ; they are much smaller than the genuine 1/m 4 b contribution and therefore not presented in Fig. 2 . For the numerical values of the HQE parameters, we use those obtained in [22] as a benchmark scenario. We list the conversion of our basis to the one of Refs. [21, 22] in Appendix A.
The expressions in Eq. (5.11) and the plots presented in Fig. 2 , show a good behaviour of the OPE expansion for the ratio R * and the first moment, which are dominated by the leading contribution proportional to µ 3 . Centralized moments of higher order on the contrary have a strong dependence on the higher order terms, since the subtraction q 2 − q 2 removes the bulk of the contribution from µ 3 . For the third and fourth moments, higher order terms form a nonnegligible fraction of total contribution. We emphasize that especially for values of q 2 cut > 3, which as discussed would correspond to a lepton energy cut of E = 0.4 GeV, their contribution becomes more pronounced, showing the feasibility of the proposed strategy in employing a q 2 cut.
Conclusion
The extraction of V cb from inclusive decays based on the HQE provides a determination with a relative uncertainty of about 2%; in combination with the exclusive measurement obtained from B → D ( * ) ν and precise lattice data of the relevant form factors, V cb will be among the best known CKM matrix elements.
The main theoretical limitation of the inclusive determination is the proliferation of HQE parameters as soon as one includes higher orders in 1/m b . However, as we have discussed in this paper, one may make use of reparametrization invariance, which leads to relations between different order in the HQE, to reduce the set of parameters for specific observables like total rates, the leptonic invariant mass spectrum and its moments.
In the context of the inclusive V cb determination this may open the road to perform a purely data-driven analysis including also higher order terms. We discussed a new method based on the leptonic invariant mass spectrum and its moments. The proposed strategy is similar to the one pursued in the V cb fits relying on the charged lepton energy and the hadronic invariant mass moments.
From the experimental side, the proposed strategy requires the reconstruction of the neutrino momentum which is possible only at e + e − colliders. B-tagging algorithms are well established methods at B factories to identify BB events. They provide kinematical constraints that allows for a precise momentum reconstruction of the B meson which decays semileptonically, and therefore the direction of the undetected neutrino can be constructed using energy conservation. Already with the existing Υ(4S) data from Belle (711 fb −1 ) and BABAR (433 fb −1 ) it should be possible the test our alternative method by measuring the q 2 moments and extracting V cb . Finally, it would be interesting to perform a dedicated analysis of the new method at Belle-II in order to fully exploit our new method and to determine V cb in a fully data-driven method including 1/m 4 b corrections. 
A Conversion Between Different Conventions
In the following, we discuss the conversion between the HQE parameter definitions in this work and those in [21, 22] . These V cb determinations are done with operators defined in a basis in which the covariant derivative is split into a spatial and a time derivative via
As we stressed before [31] , this basis is less useful when considering RPI quantities. Changing between these bases involves the absorption of higher-order terms. In particular, we find:
Here, we have introduced four additional non-RPI parameters;
which do not occur in the total rate and the q 2 moments. Here σ · G ≡ −iσ µν (iD µ )(iD ν ) , γ µ γ ν = g µν + (−iσ µν ) . (A.7)
We note that, in Eq. (2.12), we have definedρ 3 D including its RPI completion, wherẽ
We emphasize thatρ 3 D is sometimes defined without a commutator, which makes a difference at higher orders. Similar, the additional matrix elements in Eq. (A.6) contain a completion of the ρ 3 LS viaρ
The 4th order parameters first introduced in Ref. [21] and determined in [22] For our numerical analysis, we used these transformations to estimate our parameters from the determinations of the m i in [22] . We find For completeness, we also give the total rate in terms of our matrix elements; 
